We reveal numerically the remarkably robust propagation of quasistationary two-color soliton clusters in media with competing quadratic and cubic nonlinearities. We predict that such clusters carrying nonzero angular momentum can propagate over any practically feasible crystal length before they decay, even in the presence of input random perturbations.
ringlike bright vortex solitary-wave solutions [13, 14] , a feature that was also observed experimentally [15] . However, recently it was shown that a weak self-defocusing cubic nonlinearity can have a strong stabilizing effect on ringlike soliton structures in media with the dominant quadratic nonlinearity [16] , and as a result relatively broad optical vortices with topological charge M 1 were found to be stable. The question is whether quasistable clusters might also exist in media with competing nonlinearities. In this Letter, we show that such is the case. We investigate soliton clusters propagating in bulk media with competing quadratic and cubic nonlinearities, and reveal the existence of ''soliton molecules'' that exhibit quasistable propagation, even in the presence of random deviations of the ideal input conditions.
Under appropriate conditions, the propagation of light beams in media with competing quadratic and cubic nonlinearities under conditions for noncritical phasematching second-harmonic generation can be described by the following reduced equations [16 -18] :
Here
0 2 r 2 0 =c 2 A 2 are the amplitudes of the fundamental frequency (! ! 0 ) and second-harmonic (! 2! 0 ) waves, k 1 k! 0 and k 2 k2! 0 are the wave numbers, k 2 2k 1 , A 1;2 ; ; are the slowly varying envelopes, r 0 is the transverse scale of input beams, x=r 0 and y=r 0 are the normalized transverse coordinates,
0 is the phase mismatch, 3 3 =8c=! 0 2 r 0 2 , and 2 and 3 are appropriate nonlinear susceptibilities. In the numerical simulations we used 0:2. Notice that VOLUME 89, NUMBER 27 Eqs. (1) correspond to the simplest model of light propagation in media with competing nonlinearities (e.g., it assumes a noncritical, type I, oo or ee wave interaction). In practice, the strength of each of the possible crossphase modulations depends critically on the crystalline symmetry of the particular material employed through the polarizations of the fields involved, hence the actual value of the relevant elements of the nonlinear susceptibility tensor [18] . However, Eqs. (1) are expected to capture the essentials of the process. They constitute a Hamiltonian system that possesses several conserved quantities. Among them are the Hamiltonian H and the total energy flow U:
Here r e @=@ e @=@; e and e are the unit vectors in the directions of and , respectively. We construct soliton clusters as a superposition of the lowest-order bell-shaped solitons. The profiles of such solitons can be found from the system of Eqs. (1) with the aid of the substitution q 1;2 ; ; q 1;2 r; '; w 1;2 r expib 1;2 im 1;2 ', where w 1;2 r are real functions of coordinate r 2 2 1=2 , ' is the azimuthal angle, b 1;2 are the propagation constants (b 2 2b 1 ), and m 1;2 0. Figure 1 shows Hamiltonian-energy flow diagrams and profiles of the lowest-order solitons for three representative values of the phase mismatch . Note that even for weak cubic nonlinearity ( 0:2) the solitons in media with competing nonlinearities are much wider than the corresponding solitons in purely quadratic media. Next we concentrate on the case 0. The construction of soliton clusters from the lowest-order solitons enables one to avoid the radiation of the nonsolitonic part of the energy in the process of cluster propagation. Hence, we set the initial field distribution in the following way:
expi nw 1 r n ;
where N is the number of solitons forming the cluster, 2M=N is the phase difference between neighboring solitons, M 0; 1; 2; . . . , is the topological charge of the cluster, the functions w 1;2 describe profiles of identical solitons forming the cluster, r n f ÿ R 0 cos2n=N 2 ÿ R 0 sin2n=N 2 g 1=2 , where n 1; 2; . . . ; N, and R 0 is the input radius of the cluster.
The evolution of the soliton cluster is dictated by the interaction forces acting between neighboring solitons and depending on the value of the energy flow, initial cluster radius, relative phase between the solitons forming the cluster and material parameters. The simplest way to obtain a rich variety of propagation regimes is to modify the cluster charge M, keeping fixed the number of solitons N. It is convenient to classify all possible regimes of propagation of the soliton clusters by looking at the dependence of the cluster mean (or integral) radius
on the propagation distance (here U is the total cluster energy flow).
In the case when M nN (n 0; 1; 2; . . . ) the cluster has zero angular momentum. The solitons attract each other and the cluster fuses in the process of propagation into a single lowest-order soliton; the damped oscillations of the cluster radius are clearly seen during evolution [ Fig. 2(a) ]. We show only the intensity distributions for the fundamental wave since the second-harmonic wave exhibits similar features. The cluster has zero angular momentum also for even N and M 2n 1N=2 (n 0; 1; 2; . . . ). Such clusters expand in the process of propagation since the interaction potential between different solitons is now repulsive [ Fig. 2(b) ]. When n 1=4N M n 3=4N and M Þ 2n 1N=2 (n 0; 1; 2; . . . ), the cluster has a nonzero orbital angular momentum. The propagation of such clusters is accompanied by their simultaneous expansion and rotation [ Fig. 2(c) ]. When n ÿ 1=4N M n 1=4N and M Þ nN (n 0; 1; 2; . . . ) neighboring solitons in cluster attract each other; however, the nonzero angular momentum of the whole structure prevents constituent solitons from fusion. Thus for relatively large input radius R 0 the cluster periodically shrinks to its minimal radius and expands to its initial size. This process is accompanied by rotation of the cluster [ Fig. 2(d)] . Conversely, the cluster with small enough R 0 expands at the initial stage of propagation and then restores its initial profile. Such behavior of the clusters with n ÿ 1=4N M n 1=4N, M Þ nN, suggests the possibility of formation of quasistationary clusters that rotate upon propagation but conserve their radiuses. To gain further insight, we implemented an approximate interaction-potential approach [9, 19] that predicts the existence of energetically favorable cluster states with balanced attraction repulsion (Fig. 3) . The model was found to give valuable information, but the predicted radius for balanced interaction was often found to depart from the actual radius of quasistable propagation, a fact attributed to the large overlap between the solitons which turns quasistationary cluster depends on the total energy flow of the whole structure. If the cluster energy flow is close to that corresponding to the stationary ringlike vortex soliton, the reshaping of the whole structure is minimal, whereas if the cluster energy flow greatly exceeds that necessary for the formation of the ringlike vortex, the reshaping leads usually to the formation of additional rings inside the initial cluster. One finds that for a fixed charge M there exists an optimal number of solitons N for which the reshaping upon propagation is minimal.
The important result put forward in this Letter is the robustness on propagation of the soliton clusters studied, in contrast to previously known soliton clusters in both quadratic and in cubic nonlinear media [8, 9, 14] , which are all affected by self-demolition azimuthal modulation instabilities. To show this key point we added random noise to the initial clusters by multiplying (3) by 1 1;2 r; ', where 1;2 r; ' is the Gaussian random function with h 1;2 i 0 and h One observes that even with the random deviations of the input (clearly visible on the plot), the clusters keep their structure for several hundreds of diffraction lengths, 2 orders of magnitude larger than the experimentally feasible crystal lengths. Under identical conditions, a cluster in a pure quadratic medium is destroyed in a few mm. The robustness of the clusters increases with the number of solitons, a result that seems to be consistent with the stabilization of vortex solitons with M 1 [16] . However, notice the key physical difference existing between vortex solitons, which feature a continuous wave front, and the clusters studied here, which are built as the discrete superposition of individual solitons, thus featuring discrete phase dislocations between them. Thus, e.g., while stabilized vortex solitons with M 2 were found to exist [16] , we found that the corresponding clusters decay much faster than the clusters with M 1. Finally, the simulations show [e.g., Fig. 4(c) ] that even the clusters with M 1 eventually self-destroy as a result of the asymmetric interaction and fusion of neighbor solitons. Separate series of simulations, not shown here, revealed that in the presence of competing nonlinearities the interaction between solitons weakened in comparison with soliton interactions in purely quadratic media. We attribute the robustness of the soliton clusters uncovered in this work to such weakened soliton-soliton interaction.
We conclude by noting the potential applicability of the phenomenon uncovered here to analogous physical systems, in which focusing-defocusing, attractive-repulsive nonlinear self-actions compete with each other. We point out that optical competing nonlinearities can occur, e.g., in quadratic nonlinear crystals cut along a suitable axis [20] , or in settings where frequency generation is accompanied by optical rectification [21, 22] . Competing nonlinearities have also been suggested in atomic-molecular Bose-Einstein condensates [23] .
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